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ABSTRACT: We study the equations of motion of fermions in type IIB supergravity in
the context of the gauge/gravity correspondence. The main motivation is the search for
normalizable fermionic zero modes in such backgrounds, to be interpreted as composite
massless fermions in the dual theory. We specialize to backgrounds characterized by a
constant dilaton and a self-dual three-form. In the specific case of the Klebanov-Strassler
solution we construct explicitly the fermionic superpartner of the Goldstone mode associ-
ated with the broken baryonic symmetry. The fermionic equations could also be used to
search for goldstinos in theories that break supersymmetry dynamically.
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1. Introduction and summary

One of the latest surges of interest in the context of the gauge/gravity correspondence (for
reviews close to the topics of this work, see [[l -B]) has been the possibility that some back-
grounds might provide the supergravity realization of dynamical supersymmetry (SUSY)
breaking. This possibility was first considered for the quiver theories described in [{-[g].
These theories were constructed as a non-conformal deformation of the conformal theo-
ries [[]-P] dual to the new Sasaki-Einstein manifolds [I(, (1] Y?4. Unfortunately, in spite
of being chiral theories, these theories do not display true dynamical supersymmetry break-
ing with a stable ground state, but rather a runaway behavior [[, [J] very much like super
QCD with 0 < Ny < N, [13. Still, the possibility of the existence of gravity solutions
dual to dynamically broken SUSY has not been ruled out. (Some work on deformations
for these theories can be found in [[14-[Ig]. For related earlier work see [L9].)
One of the consequences of spontaneous SUSY breaking (dynamical 2] or tree level
1, ) is the existence of a fermionic Goldstone mode g — the “goldstino” [J]. Such mode
can arise as a massless bound state of microscopic degrees of freedom in a confining theory
and has the distinguishing property of coupling to the supercurrent J without derivative
terms — in obvious notation:
(O172195) = F2Vs, (L.1)
where f # 0 is the goldstino coupling. In the context of the gauge/gravity correspondence,
such particle must be described by a normalizable zero mode in the bulk coupling directly

to the gravitino ¥, and can be studied by looking at the bulk fermionic equations of
motion.



Even in theories that do not break SUSY, the study of the bulk fermionic equations
and the search for normalizable zero modes is still of interest. Obviously, with unbroken
SUSY, the bosonic and fermionic spectra must match and one does not obtain additional
information from the latter. However, particularly in the case of zero modes, some infor-
mation may be easier to obtain in the second case, since the fermionic equations are easily
linearized and index theorems may be available. In some cases, such as the cascading theory

L must exist as

of Klebanov and Strassler (KS) [P4] massless fermionic modes (the “axino”)
a superpartner to the Goldstone boson associated with the breaking of the baryonic U(1)
symmetry [R5-R7 and their explicit construction strengthens the correspondence. More
generically, N' = 1 SUSY implies the presence of massless fermionic superpartners of the
scalar fields parameterizing the quantum moduli space of vacua, when there is one (some
of these scalars can be seen as Goldstone bosons of broken global continuous symmetries).

The “axino” does not obey ([.1)) (since SUSY is unbroken in this case) and its ex-
plicit form helps elucidating precisely how ([L.1]) should be interpreted in the bulk. The
solution that we find in section W] has the property that it does not give a source for the

supercovariant field strength of the gravitino, more specifically
ITMNPDyWUp =0 on shell. (1.2)

(The notation is discussed in section ). We propose that the signature of spontaneous
SUSY breaking is the existence of a normalizable zero mode for which ([L.9) is not satisfied.
Another way to distinguish a generic massless fermion from the goldstino is by looking

2

at how they transform under the global symmetries of the problem.® For instance, the

bosonic zero modes found in [2f] are odd under the Z; symmetry exchanging the two S2
spheres of the deformed conifold and the same symmetry should act non-trivially on their
fermionic superpartner. On the other hand, a true goldstino should be invariant under
such symmetries. We will discuss the details for the KS solution in the conclusions after
having presented the explicit solution.

The purpose of this paper is twofold — on the one hand, we wish to begin addressing
the general issues above for a class of KS-like backgrounds (consisting of a constant dilaton
and a self-dual three-form) and, on the other, we test these techniques in the true KS
model [P4] and construct explicitly the fermionic zero mode. Eventually, one will have
to consider more complicated backgrounds with more general fluxes but we feel that the
class we are considering in this paper is a good starting point to sharpen one’s tools and
includes at least the important example of [24]. Various aspects of flux compactifications
that might be relevant in this context are reviewed in [R§].

Perhaps the most interesting quality of the general equations we discuss is that the
existence of a zero mode hinges on the existence of a solution to the massless Dirac equation
on a (six-dimensional) Ricci flat manifold (see section B.4). In the compact case, the

existence of such a solution implies the existence of a covariantly constant spinor and

1Strictly speaking, one should refrain to call such multiplet “axionic” since it is not related to an
anomalous symmetry, like the QCD axion. Still, we will, in a few places, use the word within quotes for
sake of brevity and to make connection with the previous literature.

2We thank I. Klebanov for pointing out this possibility to us in the context of the KS solution.



thus of a Kéhler structure, by the standard arguments of integration by part. In the
non-compact case however, the boundary terms cannot be neglected and, because of the
presence of the warp factor, there is a possibility for having a normalizable zero mode
without necessarily implying a Kahler structure. We shall discuss this possibility in the
conclusions, after having presented the dependence of the equations from the warp factor.
Another possibility would be to leave the Kéhler structure untouched but change the three-
form appropriately.

The paper is organized as follows: In section | we begin by reviewing the fermionic
equations of motion of type IIB supergravity obtained in [R9 (see also [BA-BJ]). In section
we specialize to the above mentioned class of backgrounds and show how the equations for
the zero modes can be reduced to a set of Dirac and Rarita-Schwinger equations on the
internal manifold, starting precisely with the Dirac equation discussed above. In section
we turn to an application of the equations just derived and use them to construct the
“axino” for the true KS solution. This zero mode is the fermionic partner of the Goldstone
mode associated to the breaking of the baryonic U(1) symmetry and is not to be thought
as a goldstino and in fact condition ([L.2) is satisfied. We briefly summarize our findings in
section f] and present a more detailed discussion of the Zy symmetry transformations of the
KS solution and comment on the issue related to the Kéhler structure mentioned above.
Some useful formulas, like the explicit expression for the spin connection on the deformed
conifold, are collected in the appendix.

2. The fermionic equations of motion of type IIB supergravity

In this section we review the fermionic equations of motion of type IIB supergravity ob-
tained in [R9]. This allows us to make some comments on the conventions and notation
used. We will set the Newton constant to one, k = 1, for convenience. (It can always be
reinstated by dimensional analysis.) We will only work to first order in the fermionic fields.

In order to follow the more recent literature, we will use, contrary to [B9), a “mostly
plus” metric. This can be most easily accomplished by letting gpyn — —gnn, U'ns — Ly
and so on, and implies a few sign changes that are easily implemented. The I'-matrices are
all real in the Majorana representation.

Our convention for the e-tensor is that it includes the appropriate determinant of the
metric and thus transforms as a true tensor, not as a density. Also, when evaluated with
flat indices it is purely numerical and we have the sign convention ey g = —e’? = 1.
Finally, the five-form Fj is self-dual (x;0F5 = F5) in the sense

1
F vy s vy vs = 5EMlM2M3M4M5M6M7M8M9M10FM6M7M8M9M10 (2'1)

We also define, with flat indices, I'y19 = I'Y...T9 and the chiralities of the dilatino
A and gravitino Wy, are: I'yjo0A = —A, I'y10¥y = +W¥yy, reversed from the conventions

in [R9.



The dilatino and gravitino equations of motion are, respectively [R9]:

i 1
YDy = ——TMNPRREY v poRr\ + ﬂerNPQGNPQqJM

240
+TMTE PRy, (2.2)
and
PMNPDN\IIP — _%SPNRLFMGR/RL)‘ . ﬁPMNPFQRLSTFQRLSTPN\PP
+%PMNP(PNLSRGLSR — I LSG N )T + %FRPMPR)\*. (2.3)

Note that the ¥ terms on the r.h.s. of (B.J) and (R.3) are not written out explicitly
in 9] but they are certainly present for supercovariance as can be seen by taking the
SUSY variations, which in our notation read:

1
= FMPMe* + ﬂFMNPGMNpe, (2.4)

and

1 1
(5\I/M = DME + @PNPQRSFNPQRerE — %(FMNPQGNPQ — 9FNPGMNP)€*. (25)

We have chosen to write out explicitly all the fermionic terms to avoid confusion but one
could just as well introduce a supercovariant derivative Dy in terms of which eq. (R.3)
becomes simply

1 1
TMNPD wp = —£PNRLPMG}‘VRL)\ + §FRPMPR)\*. (2.6)

The r.h.s. of (R.6) acts as a source for the supercovariant field strength of the gravitino.
The ordinary covariant derivatives are by definition:

1 3.
1 1.
DyVr = <5M + wa\‘JBFAB — §ZQM> Up—TirYrL, (2.8)

where Q) is the auxiliary U(1) field introduced in 9] and w4 the usual spin connection.
Notice that the contribution of the Christoffel symbol I‘%/[ r drops out in the kinetic term
for the gravitino but, without it, the derivative is no longer covariant.

3. The fermionic equations of motion in a KS-like ansatz

We now specialize the equations reviewed in the previous section to a generic KS-like
background precisely defined as follows.



3.1 Bosonic ansatz

Let us review the ansatz step by step in order to distinguish between the basic assumptions
and their consequences. We start from the 4+6 split of the geometry. The ten dimensional
metric is split into a four-dimensional warped Minkowski space described by the coordinates
x* and a six-dimensional internal space described by the coordinates y':

dsiy = e_%“(y)dm“dﬂcu + 732 (3.1)

where e“¥) is the warp factor and d§% = gij(y)dyidyj is the internal metric which is assumed
to describe a smooth non-compact manifold.

To avoid confusion we stress that the six-dimensional indices %, ... will always be
raised/lowered with the metric g;; and all powers of the warp factor written explicitly.
Also, with a slight abuse of notation, the covariant derivative D; will denote the true
covariant derivative on the internal manifold, and thus it is shifted (by a term containing
the warp factor) with respect to the one used in section . A subtlety that arises when
commuting it through a I-matrix is discussed in appendix [].

By Poincaré invariance in the Minkowski space, all other fields can depend only on
the 4° coordinates. Furthermore, the complex 3-form G3 must be living purely in the
six-dimensional internal space.

The basic assumption that we make is to take the 3-form to be imaginary self-dual in

the six-dimensional internal space:

x¢G3 = iG3, (3.2)

that is .
éeijklmnGlmn = iGjk, (3.3)
where the e-tensor is defined with respect to the internal metric g;;. In particular, for flat

indices we have €4 g = e*9 = 1.

The assumption (B.9) leads to many simplifications. First of all, we can consider a
background where the type IIB dilaton and RR scalar can be held constant, thus allowing
us to set

Py = Qun = 0. (3.4)

We can think of this condition as a kind of extremality condition, since the equations of
motion for the dilaton and axion are sourceless for our ansatz. The Bianchi identities
further impose that the 3-form is closed:

dGs =0, (3.5)

and self-duality thus requires it to be harmonic.

To preserve 4d Poincaré symmetry the self-dual 5-form must be taken as:

5 = F5 + *10F5, Fs = Fi Ada® Adat A da® A da. (3.6)



The equations of motion of the 5-form are:
1

Since (3 is purely in the 6-manifold, the EOM above imply that dF; = 0 and thus F; = dZ,
with Z = Z(y) a real function.
Now the EOM for the 3-form are:

d *10 G3 = 4ZF5 AN G3. (38)
Taking into account self-duality of G3, we have:
x10G3 = ie G A dz® A dxt A da? A da®. (3.9)

Thus the EOM for G3 imply that d(4Z — e™*) A G3 = 0 over the 6-manifold, which, due
to self-duality of G5 implies that Z = %e_“ up to an additive constant that we set to zero.
Thus: 1

Fs = Zde_“ A dx® A dat A da® A dad. (3.10)

Note that the sign of the 5-form is directly related to the sign in the self-duality equation
for Gs.

The Einstein equations for the metric, given the above source fields, yield for the
internal part just the condition that the 6-dimensional metric is Ricci-flat, R;; = 0. For the
4-dimensional part, they yield an equation for the warp factor that can be also consistently
derived from the EOM of the 5-form (B.7) with indices along the 6-manifold, and which is
entirely determined by the data on the six-dimensional manifold:

1
—Veet = EG;‘mnGlmn (3.11)

Of course, the above equations do not imply SUSY. As well known [B4], SUSY requires
in addition the internal space to be Kéhler and the three-form to be (2,1) and primitive.
The KS background obeys these conditions and is thus supersymmetric. However, we will
not make this assumption in our derivation, except in section {} where we shall specialize
to the KS background.

Without (or even with) SUSY, one might wonder whether it makes sense to impose
the self-duality condition on the 3-form. Relaxing this condition would imply a much more
generic, but also much more complicated, set up. Though such a generalization should
ultimately be carried out, we feel that the above set up is first of all a good training ground,
but might also be of relevance in situations in which SUSY is present asymptotically, and
the 3-form could well preserve its self-duality everywhere.

3.2 Fermionic ansatz

Now it is time to introduce a 4-6 split for the spinors and the I'-matrices. We split the
I'-matrices as follows

M =eciqt @1, I'= 6_%’}6(4 ®~%  with Tyd = iy AR (3.12)



The warp factors have been denoted explicitly so that the four and six dimensional -
matrices obey

{727 =20 and {y',7} =297, (3.13)
We are in a Majorana representation where all ¥* are real and all 4% imaginary. Similar
equations, with the warp factors reversed, hold for I', and I';. We also define, with flat
indices,

Yo = =iyt ..., (3.14)

which is such that I'y10 = 74 @ V46 -

We consider one of the two linearly independent constant Weyl spinors in four dimen-
sions €4 of positive four dimensional chirality together with its complex conjugate e_ = €’
of negative four dimensional chirality. We make the most general ansatz that is suited to
search for zero momentum massless modes with four-dimensional spin 1/2:

A= E+®)\7+67®)\+
Uy =Tuler @x— +e- @x4)
U, = el(er @y + e @Py). (3.15)

The =+ signs denote the four and six dimensional chiralities and in the case of A we use the
same symbol for the six dimensional spinor as for the ten dimensional one since no confusion
can arise. The warp factor in the last of (B.1J) has been introduced for convenience. Notice
that, apart from e4, the other spinors are not the complex conjugate of each other since

the ten dimensional fermions are not Majorana.

3.3 Fermionic equations of motion, preliminaries

It is now straightforward to insert (B.1f) and the bosonic ansatz into the equations of
motion (.2), (B.3) and to collect the terms proportional to ¢, and those proportional
to e_. We obtain equations that contain only data from the six dimensional manifold.
Namely, the dilatino equation (R.9) gives rise to the following two equations:

A 3 . 1 g
' DiA_ + ng(%u)\, = Ze_5wjkG”k¢+i (3.16)
and: 1 1
YDAy — gfyzaiuM = —éefﬁfyijkG”kXJr. (3.17)

Similarly, the component along z# of (B.J) gives rise to:

| 1._. 3 . . 3 .
7 Dipyj = 50Uty + 27V Oiutpys + 39" Dix— — g7 dyux-
1 w s 1 o ..
— 4—86—57%(;;;@, +ge G, (3.18)

and:

g 3 . 9 .
VI Dip—j + gV 0w — 37" Dixy — 7' Oiux+
1w 1
= ge 2’)/ijGiij*, — ge 2 ij’yijlbin (3.19)



Finally, the component along y° of (R.3) yields:
pij 1 pij pi 1 pi L2 amii,
VW Dithyj = POy + P Dix— — 57" Giux— = gem 2 GMyndt (3:20)
and

3 3 A 1
YD + VP Gunp—j — 47 Dixy + 577 Ouxs — 207ux+

1 _u . 1w 1w
= ge_EG*pZ]*yij)\+ + 56_5Gp”’yijx*_ — 56_5Gp”’yiwij (3.21)

Before making any further manipulation, it is advisable to check which of the six
dimensional fermions can or cannot be gauged away in this particular bosonic background.
Therefore we reserve to the SUSY variations (£.4) and (2.5) the same treatment we gave
the equations of motion. For the SUSY variation:

€:6+®€++6_®€_2 (322)

(where, again, 1 and e_ are independent), we get:

(S)\Jr — 0
1 u ..
SA_ = ﬂef%gijmukﬂ
ox+ =0
1 v L s ijk _x
OX= = =g 17 Oes — gae # Gy hes (3.23)
et0Yi = Diey + Z%‘ja]ueJr - gaz‘u€+ + Ee_sz‘jmjks*_

u 1 1 .
e1dp_; = Die_ + gaiuef + 5675Gijk7jk€i

The usual gauge choice '™ 1)y, = 0 can be easily seen to correspond to 4y _ +7'); = 0
and 4y, — v")_; = 0, but we will choose a more convenient one in the following.

3.4 Disentangling the fermionic equations of motion

We now rewrite all the fermionic equations as a system which can be solved step by step,
in principle by inverting the Dirac operator on the 6 dimensional transverse manifold.

First of all, we subtract from (B.19) the contraction with v, of (B.2]), to obtain the

massless Dirac equation discussed in the introduction:
Y Dixy =0, where X4 = 67%“X+. (3.24)
In order to rewrite (B.2(), we define
Yo = €78 (i +ix-)- (3.25)

If we then choose the gauge ’}/i'l]Z)~+Z‘ = 0, we obtain the following simple equation:

- 1 -
V' Djthyi = §Gz‘jk7jkx+- (3.26)



Note that contracting with 7% we obtain the condition (that was used to obtain the previous
equation):

Dt =0. (3.27)
Now we turn to (B.16)—(B.17). We perform the rescalings:

3

Ay = e 5Ag, A =esUA_. (3.28)

Then the equations simply write:

. 1 o
V' DiAy = —EGz‘jk’Y”kXJm (3:29)
R 1 .. -
YDA = ZGW’YJWH- (3.30)
Turning to (B.21]), we define:
~ 3
1/1_2‘ = egulb_i. (3.31)

Then, imposing the gauge v1)_; = 0, we obtain the equation:
L ~ N ~ 1 - 1 .
V' Djtp_i = —4€"Dixy — 70 e"X4 — 0ie" X4 + gG?jk’Y]k)\+ - §Gz‘jk7j¢ik- (3.32)
For the sake of completeness, the contraction with 7% gives:
Ditp_; = =3+ ;e .. (3.33)

We are left with (B.18). After we perform an additional rescaling:

o= estix, (3.34)
the equation becomes:
iy Loi ug Lo ijky L ijk. 7
VDX~ = —58 e i — L Ao — EG Vi k- (3.35)

Note that the SUSY variation of the gauge fixing conditions is simply given by:

NS = A DiL, e, = esug, (3.36)
N o_; = v'DiE_, . =e SE_. (3.37)

4. Finding an explicit fermionic solution in the KS background

In this section, we apply the equations derived above to study the problem of finding a
fermionic massless zero mode in the supersymmetric KS background [P4]. The existence
of such mode is needed in order to form a SUSY multiplet together with the two bosonic
massless modes (sometimes referred to as the “axion” and the “saxion” with a slight abuse
of language) which have been derived in [2, @}3 The “axion” is actually the Goldstone

3 After the bosonic modes were given, the full baryonic branch was constructed in [@], using the tech-
niques of [E] and showed to agree with the gauge theory analysis in @] Another non-SUSY deformation
was considered in



boson associated with the breaking of the baryonic symmetry [§-R7]. Finding the “axino”
completes the holographic description of the massless multiplet present in the low energy
effective description of the boundary theory, and is thus a nice check of the gauge/gravity
correspondence.

We first review the KS background [4]. This is just a specific case of the generic
ansatz discussed in section B.J] and thus, we only need to know that the internal space
is the deformed conifold [BY] (see also [EJ—[J]), whose sechsbein are, up to an overall
rescaling:

e = A(T)(—sin 01dpy — cos 1 sin Oadgps + sin1pdhs)

e? = A(7)(df; — sinp sin adeps — cos Ydhs)

e3 = B(7)(—sin 61d¢p1 + cos 1 sin fadgy — sin hdbs)

e* = B(7)(dfy + sin v sin Oadpy + cos 1hdhs) (4.1)
e’ = C(7)(drp + cos 01dgy + cos Oadps)

S = C(r)dr

where, in terms of the function:

: \1/3
K(T):(SthCOShT ) 7 (42)

sinh 7

defined in [R4], we have:

A%(1) = iK(T)(COShT - 1),

B(r) = iK(T)(coshT—i— 1), (4.3)
C¥r) = 3%2(7)

For the sake of completeness, we give the spin connection in appendix ], We can then
write the equations for a covariantly constant spinor on the deformed conifold, D;n = 0.
With our coordinate choice (1)), they imply that the spinor must be constant, and has to
obey the conditions (with flat indices):

(712 + 43y = (716 — 4%y = 0 (4.4)

We will choose 1 to have positive chirality v,67 = 7 and denote its complex conjugate (of
negative chirality) by n*. Then, n satisfies three conditions:

(Y +ivm=0, P+ m=0, (F-i)m=0. (4.5)

The above formula allows one to read off the complex structure in the flat indices. Denoting
complex indices in boldface, we take the following holomorphic sechsbein:

el = eb +iet, e? =e3 +ie?, e3 =eb —ied, (4.6)

,10,



and the antiholomorphic sechsbein are obtained by complex conjugation. The unconven-
tional combinations above are forced upon us by the labeling of the sechsbein ([i.1) that
is the one commonly used in the literature. With these normalizations, the flat metric is
=2 and n; = 1/2.

With ({.6), the conditions ({.5) simply become:

~3n =0, a=1,23. (4.7)

Using the covariantly constant spinor 7, we can now start solving the fermionic equa-
tions in the KS background.
Eq. (B.24) can be trivially solved by setting:

X+ =1 (4.8)

Notice that the expression for y; = e%“n is then normalizable in the sense of [ (see
also [E4-[6], the case for the Rarita-Schwinger field is discussed in [ —F0]).

We already notice from the asymptotic behavior of the solution above, that the mode
we have found should be dual to an operator of dimension A = g, which is the right
dimension for the fermion in the “axion-saxion” chiral multiplet, which has dimension
A =2, see [24].

Moving on to (B.26), we need, first of all, an expression for the three form Gs. This is

given in [P4] and has the form (in the flat basis ([.6)):

(7 cosh T — sinh 1)

Gs = V3M e'ANe? Aed (4.9)

sinh3 7
(sinh 7 coshT — )
2sinh® 7

(ei/\ez/\e3—el/\e§/\e3) ,

where M is the number of fractional branes in the KS set up. In relation to the complex
structure (L) Gs is indeed a (2,1) primitive form, so that G;;,y"*n = 0.

It can also be easily checked that the r.h.s. of (B.26) has only antiholomorphic indices
and thus it is consistent® to take, in the flat basis:

Yia =0. (4.10)

Making now the ansatz that 1;“ depends explicitly only on 7 one can show (by requiring
the 6; dependence of (B.26) to cancel out algebraically) that the most general form for the
remaining components is:

bii = 2yt oy’
Uiz = oyt + 2 (4.11)
vig = —22°"

“Indeed, the spin connection is such that the covariant derivative does not couple holomorphic and
antiholomorphic indices (with respect to the flat basis (@))

— 11 —



The terms proportional to z(7) are solutions of an homogeneous equation whereas v(7)
couples to the source. The remaining conditions are all solved by the functions

() = sinh7coshT — 7
o(r) = _M(T cosh7" —zsinh T)
K sinh® 7

C

(4.12)

Requiring 1;+i to be regular at the origin sets ¢ = 0.> Normalizability can be checked using
the boundary terms discussed in [£7—F0].

Armed with the explicit solutions of (B.24) and (B.26) we can easily solve the dilatino
equations (B.29) and (B.3(). The source for (B.29) is identically zero and normalizability

forces us to take

The source for (B.3() turns out to be proportional to 43n* times an overall function of 7
allowing for the ansatz A_ = f(7)n*. Inserting in (B:30) we find f = 4e*, implying the
normalizability of

AL = destyt = 4y%. (4.14)

Notice that any dependence on A_ disappears in the remaining equations.
It is now time to look at (B.39). It will be useful to have the explicit expression for the
warp factor. With the normalizations ({.1]) and ([.9), we have, from (B.11)):

7’ coth7/ — 1)

(™) = 20 / a5 (') (4.15)

sinh 7/
In this case the source term has both holomorphic and antiholomorphic indices and
the resulting set of equations cannot be solved in terms of elementary functions. Still, it
is possible to completely characterize the solution and its asymptotic behavior in terms of
the warp factor. Making the ansatz that ¢_; only depends explicitly on 7 and imposing
the gauge condition, one can write ¢_; in terms of three unknown functions:
by =r(mytn, e =ritn, s ==2(r)®n,
bog=s(rytn, g =-s(t)n, bz =t (4.16)
One could also add to ([.I6) a solution of the homogeneous equation, similar to the z(7)

dependence of (.11) that decouples from the system and should be set to zero anyway by
imposing regularity at the origin and normalizability. Inserting ({.16) into (B.33) yields

three linear first order O.D.E.s in the three unknown functions r, s,¢ that can be further
simplified into two decoupled O.D.E.s (one of first order and the other of second order) for

r and s: )
2sinh” 7 1
! - u(T)
r'(T) + - r(t) = =0.e 4.17
(7) cosh7sinht — 7 (7) 277 ’ (4.17)
5We can actually write the solution above in closed form, as ¥y; = —2iB;;v'n*, where Bs is the 2-form

potential of the imaginary part of G3, also given in @] Note that Bz is a (1,1) primitive form which
satisfies d x¢ B2 = 0, conditions which are necessary for consistency with )
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and:

19,e¥(7)
§"(1) +4coth 78’ (1) + 3s(7) = —3 Sith , (4.18)
where we have used (.1§). Furthermore, ¢ is expressed in terms of s:
t(r) = (s(r)sinh 7). (4.19)

The reason why the equations for s(7) and r(7) decouple is that one can solve separately
the equations for the holomorphic and antiholomorphic components.

After some manipulations it turns out that they can both be solved in terms of simple
integrals, much like the warp factor:

1 1 T ,
r(r) = =em) — — / dr'e™) sinh? 7/
2 sinh7cosht — 7 Jq
1 T
= —M?— / dr' K*(7")sinh 7/ (1’ cosh 7/ — sinh 1'),
sinh7coshT —7 J
1 T ,
5(7) = ————5— / dr'e"™) sinh? 7/, (4.20)
2sinh® 7 Jo

= TK3)@r(r) - ),

where all the integration constants have been fixed so that the solution is regular at the ori-
gin and normalizable. Note that s(7) is asymptotically subleading, so that the components
of the solution depending explicitly on it vanish faster as the boundary is approached.

At last, we conclude this derivation by finding the expression for x_ from (B.39).
Inserting the expression for TZJik in the r.h.s. we find that the source is pointing along
v v2+43n*. Perhaps the most convenient way to write the source is in terms of the function
s(7) in ({.20) and its derivative:

V3M

i ~
Dix_ =
T 4sinh 7

(75(1) + (T coth T — 1)s' (7)) 2~ 3n*. (4.21)
(Notice that y1y2y3n* oc n.) This suggests the ansatz
X— = w(r)y vy (4.22)

and in fact, (.21) yields:
_ M Tcothr —1

w(T) = EWS(T), (4.23)

where, once again, the integration constant has been fixed by the requirement that the
solution be regular at the origin. One can check that x_ is also normalizable.

This completes the finding of the zero momentum massless fermionic mode. Having
found the explicit solution it is very easy to check that condition ([L.2) is obeyed (in the
sense that the r.h.s. of (R.6)) vanishes) due to the simple expression for the dilatino.

,13,



5. Conclusions

In this paper we began a systematic study of the fermionic equations of motion of IIB
supergravity in the context of the gauge/gravity correspondence with emphasis to the
search for bulk zero modes dual to massless fermions in the gauge theory. We stressed that
among all such fermions, the one associated with SUSY breaking (if it occurs) should be
singled out by looking at the gravitino fluctuation, most likely through the contribution to
its supercovariant field strength. Other fermionic massless modes, such as the KS “axino”
do not contribute to this quantity. It is interesting to note that the vanishing of the r.h.s.
of (R.G), at least for our ansatz, is closely related to the conditions for SUSY preservation,
namely Gijkyij k1 = 0. This is no longer vanishing even in the mildest way to break SUSY,
i.e. by the presence of a (0,3) piece for Gs.

Another way to distinguish a generic massless fermion from the goldstino is by looking
at how it transforms under the global symmetries of the problem. For instance, the bosonic
zero modes found in [, 7] are odd under the Z5 symmetry exchanging the two S? spheres
of the deformed conifold and the same symmetry should act non-trivially on its fermionic
superpartner.

Let us briefly recall the origin of this symmetry. The exchange of the two spheres
is implemented by the exchange of the pairs of coordinate (61,¢1) and (62, ¢2) in the
solution. Trivially, the sechsbein e® and €® in ([.1]) are invariant under the exchange but
the remaining four transform in a complicated way. One can construct however various

combinations that transform in a simple way:
(e +(e)? and (%) + (e1)? (5.1)
that are even under the exchange, and
ebne?, eAet and elaed Fe?ael (5.2)

that are odd. Hence, of the bosonic fields, the (constant) dilaton, the metric and the five-
form are even while the three form G5 is odd. Let us also recall that the bosonic zero mode
a(x) constructed in [R0] enters as dG3 = x4da + ... and thus it must be odd under the
symmetry so as to preserve the overall parity of Gg.

Let us now look at the fermionic solution presented in section [|. The transformation
properties of the fields ¥4; and ¥ _; are somewhat complicated by the fact that they carry
an internal index but we don’t really need them for the argument — it is quite enough to
look at x4+ and A4.

The claim is that x4 and A_ are even while y_ is odd (A4 is zero). To see this, notice
that the covariantly constant spinors 1 and n* are both even because the six-dimensional
chirality is unchanged by the symmetry (one is exchanging two pairs of indices). Thus x4
and A_ given in (f£§) and (f-14) are even.® On the other hand, expanding the solution ({:23)
for x_ in terms of the gamma matrices in the real basis, one gets a spinor proportional to

(V' + Pt it = ) o (5.3)

5The quantities with a tilde only differ by powers of the warp factor and have thus the same transfor-

mation properties.
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that transforms as the combinations of sechsbein in (§.2) and it is thus odd. To compensate
for that in the expression for ¥, we must let the zero mode e4 — —~,4€4, thus showing
that it transforms non-trivially under the Z symmetry.

The second point briefly mentioned in the introduction that we would like to discuss
is the possibility that the presence of the warp factor might allow for normalizable zero
modes without requiring a Kahler structure and thus SUSY.

There are two different types of boundary conditions that should be considered. Let
us begin with the standard one. Assume that one is looking at an internal manifold whose

metric is asymptotically that of a cone:
ds? ~ dr® + r?d¥?, (5.4)

for some five-dimensional Einstein (but not necessarily Sasaki) manifold with metric d>:2.
The existence of a covariantly constant spinor would of course imply a Kahler structure
for the manifold, but the original condition (the Dirac equation (B.24)) necessary for the
zero mode is weaker on a non-compact manifold. The two conditions are equivalent by
the standard argument of integration by part only for spinors Y vanishing at infinity
faster that r—2. (The covariantly constant spinor 7 is an exception because it is completely
independent on r.)

Would the existence of a spinor solving the Dirac equation (B.24) but decaying more
slowly than 72 still allow for a massless mode on the boundary? For this we must look at
the other boundary condition inferred from the AdS/CFT correspondence in [[3]. Namely,
we must ensure that, for instance:

(\/5X+X+> ‘bdry < 00, (5.5)

where G is the determinant of the induced metric at the boundary. This is one of the
conditions that has been used throughout section @ to check for normalizability. Inserting
the appropriate powers of the warp factor e* =~ r~4, one sees that (b.9) requires x4 to scale
like ¢ with « < 1/2. Thus, the possibility of having a normalizable zero mode without a
Kaéhler structure is left open.

Whether gravity duals to theories with a stable non-supersymmetric vacuum exist is
still an open and interesting question. It seems that one would need the background to
be dual to a chiral gauge theory with no classical flat directions (see the arguments and
caveats in [51]). The cascading theories considered until now are not of this kind, and we
do not expect a smooth gravity dual for a theory with no stable vacuum. Presumably, one
will have to turn to a more general ansatz, but we hope that a similar analysis to the one
performed in this paper can be helpful in this endeavor.
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A. Some useful formulas

We collect some useful formulas that have been used extensively in the derivation of the
equations in the text.

Let us begin with the spin connection. In the flat basis, the non-zero components of
ab,c ba,c
= —""

the spin connection w are
12,1 _ 341 _ cos 01
“ Y T 24 sinG
W16 — 451 262 352 _ F(7)
123 _ 343 _  costh
vooTY T 2B(1)sin by
w36,3 _ _w25,3 _ w46,4 _ w15,4 _ f2(7_) (Al)
1
125 _ 345 _
v 2C(7)
W25 — 145 %MSG,S = f3(7)
where in defining the functions f1, f2, f3 we have taken into account the following identities:
f(7) A'(7) —A%(1) + B*(1) + C*(7)
T = =
! A(T)C(7) 4A(T)B(1)C (1)
B'(1 A%(1) — B%(1) + C%(r
iy = B0 A0 = B+ C0) )
B(r)C(T) 4A(T)B(1)C(7)
fo(r) = C'(r)  A*(r)+ B*1) - C*(1)
ST o) T 4A(mBMC()
Other useful formulas are those involving the self-dual forms G3 and Fj:
ij ij L+
Y Gy = ’Y]kGiﬂf%
V"G = 675G J%
. 1
YN Gijp = 67i,G™ 72%(6, (A.3)
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and similarly for the complex conjugates (recall that v; and vy6 are all imaginary in order
for the ten dimensional matrices to be real). The terms containing the five-form on the
other hand, can be simplified with the help of:

{ 1 1-T

where I'y 19 = I'%...T? as in the text and L' = —iT.. . TP=1® Yy6 all with flat indices.

(See also e.g. [F2, B3).)

Lastly, recall that, since D; represents the covariant derivative on the internal manifold,
it no longer commutes with I';, and we have instead:

iaiurﬂ. (A5)

DT, =T,D; —
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